Abstract Non-local representations of the ageing algebra for generic dynamical exponents z and for any space dimension d ≥ 1 are constructed. The mechanism for the closure of the Lie algebra is explained. The Lie algebra generators contain higherorder differential operators or the Riesz fractional derivative. Co-variant two-time response functions are derived. An application to phase-separation in the conserved spherical model is described.
Introduction: Ageing systems and ageing algebra
Ageing behaviour has been first studied in structural glasses quenched from a molten state to below "glass-transition temperature" by Struik [32] . Nowadays, ageing has been seen in non-equilibrium relaxations in other glassy and non-glassy system far from equilibrium (see e.g. [6, 16] for surveys). Schematically, one may characterise ageing systems by (i) a slow relaxation dynamics, (ii) absence of time-translationinvariance and (iii) dynamical scaling.
In this work 1 , we consider the dynamical symmetries of ageing systems undergoing 'simple ageing', with a dynamics characterised by a single length scale, L(t) ∼ t 1/z at large times, which defines the dynamical exponent z. One may ask if the naturally present dynamical scaling in the long-time limit t → ∞ can be extended to a larger set of local scale transformation, called 'local scale-invariance' (LSI). The current state of LSI-theory, with its explicit predictions for two-time responses Stoimen Stoimenov Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 72 Tsarigradsko chaussee, Blvd., BG -1784 Sofia, Bulgaria, e-mail: spetrov@inrne.bas.bg
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Groupe de Physique Statistique, Institut Jean Lamour (UMR 7198 CNRS), Université de Lorraine Nancy, B.P. 70239, F -54506 Vandoeuvre-lès-Nancy Cedex, France and correlators, has been recently reviewed in detail in [16] . Here, we describe an algebraic technique in order to extend known representations of LSI algebras with dynamical exponents z = 2 (or z = 1) to more general values.
The analysis of the ageing of several simple magnetic systems, without disorder nor frustrations, without any macroscopic conservation law of the dynamics, and undergoing ageing when quenched to a temperature T < T c below the critical temperature T c > 0 is characterised by the dynamical exponent z = 2 [5] . Then, the detailed scaling form of the two-time correlators and responses can be obtained by an extension of simple dynamical scaling with z = 2 towards a larger Lie group [13] .
Its Lie algebra is known as 'ageing algebra'
and can be defined by the following non-vanishing commutators [14] [X n ,Y
When acting on time-space coordinates (t, r), a representation of (1.1) in terms of affine differential operators is:
The above representation has a dynamical exponent z = 2 and acts locally on the time-space coordinates. Furthermore, it generates a set of dynamical symmetries of the Schrödinger (or diffusion) equation:
in the sense that each of the generators of age(d) maps a solution of (1.3) onto another solution. The triplet (M , x, ξ ) characterises the solution φ = φ (M ,x,ξ ) of this equation. 2 Furthermore, x and ξ are two independent scaling dimensions. For systems undergoing simple ageing with z = 2, LSI as described by the representation (1.2) of age(d) indeed gives an appropriate description, including several exactly solved examples where ξ = 0 is required [14, 16] . The best-known example is the 1D Glauber-Ising model quenched to T = 0. A main prediction is the form of the two-time (linear) response
of the order parameter φ with respect to its conjugate magnetic field.
In statistical physics, a common formulation uses a stochastic Langevin equation
with a Ginzburg-Landau functional H and a centred gaussian noise η with a δ -correlated second moment. The standard Janssen-de Dominicis formalism [19, 34] relates this to the equation of motion derived from a dynamical functional
, written in terms order parameter φ = φ M ,x,ξ and its conjugate response operator φ = φ −M , x, ξ such that the 'deterministic part' J 0 is invariant under the action of the Galilei sub-algebra
This implies the Bargman super-selection rules [1] .
Theorem. [28, 16] All n-point functions of 'noisy theory' described by J can be reduced to averages · 0 calculable from the deterministic part J 0 alone.
In particular the response function R(t, s)
(see e.g. [19, 34] for introductions and detailed references), is independent of the noise η and can be derived from co-variance under age(d). These calculations have been carried out for a long list of models undergoing simple ageing with z = 2 [2, 29, 8, 16] .
Can one extend this procedure, at least for linear stochastic Langevin equations of motion, to arbitrary values of the dynamical exponent z ? If we were to restrict to locally realised algebras, the recent classification of the non-relativistic limits of the conformal algebra [9, 7] would only admit the cases (i) z = 1: the conformal algebra con f (d) or the conformal Galilean algebra cga(d) [11, 12, 27] , eventually with the exotic central extension for d = 2 [22] (ii) z = 2: the Schrödinger algebra and (iii) z = ∞; all along with their sub-algebras. Further examples can only be found when looking at non-local representation, of known abstract algebras, that is generators more general than first-order linear (affine) differential operators. Some partial information is already available to serve as a guide:
1. the Galilei-invariance of the non-relativistic equation of motionŜφ = 0 should be kept (this guarantees the validity of the Bargman superselection rule, hence the applicability of the theorem above):
Computation of two-point functions requires some kind of conformal invariance. 2. In the context of LSI, different realisations of generalised symmetry algebras have been constructed by using certain fractional derivatives [13, 15, 16] . The closure of these sets of generators can only be achieved by taking a quotient with respect to a certain set of 'physical' states. Although this has been successfully applied to certain physical models [3, 8] the closing procedure is not completely determined and it is not clear how to obtain the group (finite) transformations.
A distinct and potentially more promising method has been explored in [17] . Therein, new non-local representations of age (1) for an integer-valued dynamical exponent z = n ∈ N were constructed. This reads
The commutation relations (1.1) are satisfied except the following
Consequently, the algebra is 'on shell' algebra that is closed only on quotients with respect to the solution space of the equation
The generators (1.6) act as dynamical symmetries [17] of the equation (1.8), for z ∈ N. In the limit z → 2, the usual representation of the ageing algebra is recovered.
In section 2 we shall generalise the above construction to any spatial dimension d ≥ 1. This transition is not trivial because of non-locality of the generators (1.6). Co-variant two-point functions are computed from these non-local representations in section 3. In section 4, we shall apply these results to some simple physical models, namely the kinetic spherical model with a conserved order-parameter and quenched to T = T c and the Mullins-Herring (or Wolf-Villain) equations of interface growth with mass conservation. The time-space responses are calculated from the non-local representations of age(d), to be compared with the known exact results [21, 23, 30, 3] . We conclude in section 5. [24, 16] . It is defined as a linear operator ∇ α r acting as follows
where the right-hand side as to be understood in a distribution sense and f (k) denotes the Fourier transform. Some elementary properties are: [16] 
The Riesz fractional derivative can be viewed as a 'square root' of the Laplacian. Now consider the generators:
2)
The commutators (1.1) of age(d) are seen to hold true, except for
Hence, the above generators close into a Lie algebra age(d) only in the quotient space over solutions of 'Schrödinger equation' For z = 2n even, these non-local generators, as well as invariant equation (2.4) are expressed in powers of the Laplacian
5)
2. for a dynamical exponent z = 2n, use of the Riesz fractional derivatives (2.2) is necessary and there is no simple relation to the representations of age(1).
Summarising, the representation of age(d) proposed here explicitly uses generators acting non-locally on space. In Fourier space, the generators become local, but nonanalytic. The special case of an even-valued dynamical exponent appears to have rather special and possibly non-generic properties.
Co-variant two-point function
Co-variance under (2.2) gives the two-point function (
The result is (with τ = t 1 − t 2 , y = t 1 /t 2 ):
2) where f still has to be found from Galilei-covariance. Even dynamical exponent z = 2n: If p := |r| z /τ, Galilei-covariance gives
and j = 1, . . . d. In particular if n = 2, a Frobénius series representation leads to
Generic dynamical exponent: matters become simple in Fourier space
This is rewritten in the direct space as follows
Finally we have (with an infinite radius of convergence for z > 1)
(3.7)
Conserved spherical model. Field-theoretical description
The spherical model [4] is defined through spin variable S(t, x) ∈ R, attached to each site x of the hyper-cubic lattice Λ ⊂ Z d and which satisfy the mean spherical constraint ∑ x∈Λ S(t, x) 2 = N , where N is the number of sites. The Hamiltonian is H = − ∑ (x,y) S x S y , where the sum is over pairs of nearest neighbours. At equilibrium, a second-order phase transition is observed for d > 2 at some T c > 0. The critical exponents have non-mean-field values for d < 4 [20] . The dynamics is given by a Langevin equation with a conserved order parameter (model B) [18] ∂ t S(t,
This is a simple but physically reasonable model (since z(t) ∼ 1/t for t → ∞) for the kinetics of phase-separation (for example in alloys). A simple variant is the Mullins-Herring/Wolf-Villain model, where one fixes the Lagrange multiplier z(t) = 0, and which describes the growth of interfaces on a substrate with a conservation of particles along the interface [26, 35] . The correlators and response are studied in detail [21, 23, 10, 30, 3] . Recall the full time-space response in the conserved spherical model for d > 4, or equivalently in the Mullins-Herring model for any d
which we want to compare with the age(d)-covariant two-point function, obtained above from the non-local representation (3.4) with z = 4. In order to do this, adapt, to the present non-local case, the standard methods of Janssen-de Dominicis theory in non-equilibrium field theory [3] , to find a relation between a dynamical symmetry of a deterministic equation with the properties of a solution of a stochastic Langevin equation. The Langevin equation
can be viewed as eq. of motion of the Janssen-de Dominicis action, decomposed into deterministic and stochastic parts
The averages of an observable A is given by the functional integral:
In particular for the linear response function we obtain 3
where F (2) (t, s; r) is the two-point function, found in section 3 with identification φ = φ µ,x,ξ as order parameter and φ = φ −µ, x, ξ as response field. In the last line we have used the Bargman super-selection rule [1] , which holds in terms of the "mass" parameter µ, that is φ 1 (t 1 , r 1 )...φ n (t n , r n ) 0 = 0 unless µ 1 + . . . µ n = 0. It is enough to consider the case v = 0 which gives rise to conserved spherical model for d > 4 and Mullins-Herring model for any d.
We see that the deterministic part of eq. (4.3) coïncides with "Schrödinger equation" for z = 4, if in addition the time-translation invariance is taken into account (i.e. z(t) = 0), that is the parameters of non-local representation of the ageing algebra must satisfy x + ξ = x + ξ = (d + 2)/2 = 0. Then
Conclusions
When trying to construct a closed Lie algebra for generalised scale-transformations with an arbitrary dynamical exponent z ∈ R, we have been led to consider non-local representations of the ageing algebra age(d), for general d ≥ 1 [17, 31] .
It was necessary to slightly extend the usual definition of the notion of dynamical symmetry. Conventionally, the infinitesimal generator X of a dynamical symmetry of the equation of motionŜφ = 0 must satisfy [Ŝ, X] = λ XŜ as an operator, where λ X should be a scalar or a function. Here, λ X may be an operator itself. The Lie algebra closes on the quotient space with respect toŜφ = 0.
Several details depend on the value of z 1. For an odd dynamical exponent z ≥ 2, the generalisation from the one-dimensional case requires the explicit introduction of some kind of fractional derivative. For our purposes, the Riesz fractional derivative turned out to have the required algebraic properties. In addition, the result derived for the co-variant two-point function is compatible with the directly treatable case when z is even, but we are not aware of confirmed physical applications in this case. 2. For z even, the algebra (2.5) contains d + 1 non-local generators of generalised Galilei-transformation and special transformations, constructed with linear differential operators of order z − 1. By analogy with the 1D case [17] , we suspect that these might be interpreted as generating transformation of distribution functions of the positions, rather than bona fide coordinate transformations. The example studied here (conserved spherical model for d > 4 or equivalently in the Mullins-Herring equation for any d) might be the first step towards an understanding how to use such non-local transformations in applications to the nonequilibrium physics of strongly interacting particles.
Extensions to more general representations may be of interest [25] .
Recall that in the context of interface growth with conserved dynamics, exactly the kind of non-local generalised Galilei-transformation we have studied here has already been introduced in analysing the stochastic equation (related to molecular beam epitaxy (MBE)), with constants ν, λ and a white noise η
It can be shown that Galilei-invariance leads to a non-trivial hyper-scaling relation, expected to be exact [33] . In particular, they obtain z = 4 in d = 2 space dimensions. We hope to return to a symmetry analysis of these non-linear equations in the future. In any case, the available evidence that generalised Galilei-invariance could survive the loop expansion is very encouraging. Acknowledgements: Ce travail a reçu du support financier par PHC Rila et par le Collège Doctoral franco-allemand Nancy-Leipzig-Coventry (Systèmes complexesà l'équilibre et horséquilibre) de l'UFA-DFH.
